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The use of the vacuum lepton pair production process (ν → ν e− e+), a viable reaction for superlu-
minal neutrinos, to put constraints on Lorentz violations requires a dynamical framework. Different
choices of dynamical matrix elements and modified dispersion relations for neutrinos, leading to
numerical factors differing by one order of magnitude in the results for the pair production decay
width, are used to show the uncertainties on these constraints.
PACS numbers: 13.15.+g,11.30.Cp,14.60.St
I. INTRODUCTION
Lorentz invariance is one of the pillars of the current theories of fundamental physics. It implements the physical
equivalence of inertial observers in absence of gravity, together with the presence of an invariant scale, the speed
of light in vacuum. In particular, Lorentz symmetry is an important ingredient of the Standard Model (SM) of
elementary particles. However, the logical consistency of the latter does not rely on the former, contrary to what
happens to unitarity or the absence of gauge anomalies which are necessary requirements for a quantum theory like
the SM. This permits investigating departures from Lorentz invariance in the framework of a quantum field theory
(QFT), and therefore, testing Lorentz invariance as a symmetry of the SM. Although much progress has been made in
this direction, the non-compactness nature of the Lorentz group, the fact that the boost parameter can be arbitrarily
large, implies that the unexplored region of this group will always be infinitely great, unlike the rotation group
which is compact and can be checked for every angle. Apart from the own interest of testing such a fundamental
symmetry, there are motivations to study deviations from Lorentz invariance coming from both the theoretical and
the phenomenological sides. On the one hand, some indications coming mostly from theoretical investigations of the
quantum-gravity problem have suggested that Lorentz symmetry could be either violated or deformed at high enough
energies (see [1–7]). On the other hand, some observations might be interpreted to be incompatible with Lorentz
invariance, such as a possible violation of the GZK cut-off [8], anomalies in the propagation of very high energy
gamma rays in intergalactic space [9, 10], or, more recently, the observation of apparent superluminal neutrinos by
the OPERA collaboration [11] following a proposal [12] to look for signals of Lorentz invariance violation in neutrino
propagation.
In this work, we present an analysis of the consequences of such departures from exact Lorentz invariance in
the decay of superluminal neutrinos. In particular, we shall focus on charged-lepton pair emission by superluminal
neutrinos (νi → νi e− e+) which is a forbidden process in a Poincare´ invariant theory because of the charged
lepton’s masses. The idea that neutrinos can travel faster than light is not recent, and it actually goes back to the
eighties (see [13] and [14]). The difficulty in the detection of neutrinos (owing to the weakness of their interactions
with matter) entails some of their features remain still unknown, making neutrinos somehow mysterious particles.
Since neutrino oscillations suggest that they are not massless particles, it is natural to expect the existence of right-
handed neutrinos which are transparent to the electroweak and strong interactions of the SM (they are singlets
under UY (1)×SUL(2)×SUC(3) transformations). This special property has been used in the large-extra-dimensions
scenario to speculate about the possibility that neutrinos could not be confined to our three-brane, but they are indeed
exploring the extra dimensions [15]. Because of this, if the departures from Lorentz invariance had their origin in
these additional dimensions, it would be expected that neutrinos were the unique particles capable of directly feeling
such deviations from exact Lorentz symmetry (perhaps together with an hypothetical graviton which would also be
transparent to the gauge interactions of the SM). The particular quantum numbers of neutrinos in the SM make also
possible to write a gauge invariant but Lorentz violating Lagrangian which gives rise to effects of Lorentz invariance
violation which are different for neutrinos than for the rest of the SM particles. Other works have considered neutrinos
as the only candidates for Lorentz violating particles in an effective field theory (EFT) framework because in this
context, and in presence of interactions, different limiting speeds of different particles at high energies are driven by
the renormalization group flow towards a universal speed at low energies (although strong assumptions have to be
made in order that the flow be sufficiently fast), the vacuum speed of light (see [16]). The weaker the interaction,
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2the weaker the running and therefore the difference of limiting speeds is the greatest when the interactions are the
weakest. This suggests that the limiting speed of neutrinos at low energies may be different from the speed of the
rest of particles when Lorentz invariance has been broken at high energies.
In this paper, we shall parameterize the deviations from exact Lorentz invariance by a modified dispersion relation
for free neutrinos. The consequence of such modification is twofold: on the one hand, there is a new dependence of
the velocity on the energy which makes the time of flight different from the one of a special-relativistic theory. On the
other hand, the kinematics of particle processes involving neutrinos changes. In fact the dynamics of these processes
is also changed because of the different choices of a dynamical matrix element compatible with the modified dispersion
relation one can make. Previous works have focused on getting qualitative or quantitative results for the decay width
νi → νi e− e+ or νi → νi νj ν¯j [17–21], without discussing the different alternatives one has for the matrix element, or
even without specifying the matrix element they are using in their calculation (however, see [22]). The main purpose
of the present work is to show how this can affect the results for this process. One could think that a criterion to
select a matrix element would be that it could be deduced from a local EFT. However, there exist limitations to
this framework. First, one should restrict dispersion relations to analytical expressions so that a momentum power
expansion be possible in the EFT. Second, the most likely origin of such deviations from Poincare´ symmetry arises in
attempts to reconcile general relativity and quantum theory, through residual effects (that is, effects that are present
when the classical curvature of space-time can be neglected) in the structure of space-time or/and momentum space
which modify its classical, Minkowskian nature [23, 24]. If this were the case, it would not be surprising that this
led to non-local effects at low energies since the semi-classical physics of black holes tells us that the fundamental
degrees of freedom of gravity cannot be described by a local QFT, regardless of whether the latter has a non-trivial
fixed point or not, because the densities of states of both theories do not match [25, 26]. Furthermore, doubts on the
validity of an EFT description of the low energy limit of quantum gravity come from the difficulties to incorporate
the necessary cancellations of contributions to the vacuum energy (cosmological constant problem).
Throughout this work, we shall assume: i) Rotational invariance is preserved. ii) Energy and momentum are
conserved in the conventional, additive way. iii) The relevant propagation speed of the neutrinos is the group velocity
of their wave packets. iv) Charged leptons are (or can be approximated by) special-relativistic particles. v) Indirect
bounds on neutrino masses based on neutrino oscillations and cosmological observations are still valid, in such a way
that neutrinos masses can be neglected in the process.
This work has the following structure. In the next section (II) we shall show the general procedure to obtain the
decay widths, and we will compute them for four different choices of the matrix element and a general dispersion
relation. Section III is devoted to discuss the properties of the previous matrix elements and their physical inter-
pretation. In Section IV we shall specify dispersion relations to give definite analytical results for the decay widths
and the rates of energy loss due to the pair emission. We shall also provide numerical results for these expressions.
Section V is dedicated to the study of the time of flight of neutrinos in the presence of the aforementioned loss of
energy. The following section (VI) is devoted to analyze the consistency of the superluminal speed interpretation of
the observations reported by the OPERA collaboration. Our conclusions and remarks will close this work in Sec. VII.
II. PAIR PRODUCTION DECAY WIDTH
Let us consider the process ν(p) → ν(p1) e−(p2) e+(p3) induced by the production of a virtual Z0 and subsequent
decay into an e−e+ pair. This is a kinematically forbidden process in special relativity (SR) which becomes allowed
for superluminal neutrinos above a certain energy threshold. We are going to consider a very high energy neutrino so
that all three particles in the final state are contained within a small cone around the direction of the momentum of
the neutrino in the initial state. The decay width of the process is given by
Γ =
1
2E
[
3∏
i=1
∫
d3~pi
2Ei(2pi)3
]
(2pi)4δ(E −
∑
i
Ei)δ
3(~p−
∑
i
~pi) 〈|M|2〉 , (1)
where 〈|M|2〉 is the squared amplitude averaged over initial spin states and summed over final spin states,
〈|M|2〉 = Aµν(p, p1)p2µp3ν , (2)
and we are using the factorization of the matrix element into a factor depending on the neutrino variables and a
factor depending on the electron-positron momenta. The second factor is the standard SR Dirac trace which gives the
dependence on the four-momenta p2 and p3. The coefficients A
µν depending on the neutrino momenta p, p1 contain
all the corrections to SR in the dynamical matrix element.
3The decay width can be written as
Γ =
1
2E
∫
d3~p1
2E1(2pi)3
Aµν(p, p1)Bµν(p− p1) (3)
where
Bµν(k) =
∫
d3~p2
2E2(2pi)3
∫
d3~p3
2E3(2pi)3
p2µp3ν(2pi)
4δ4(k − p2 − p3) . (4)
In the approximation where one neglects any modification to SR kinematics for the electron and positron,
Bµν(k) = B1(k
2)ηµνk
2 +B2(k
2)kµkν , (5)
where k2 = k20 − ~k2, and
B1(k
2) =
1
96pi
(
1− 4m
2
e
k2
)3/2
θ(k2 − 4m2e) θ(k0)
B2(k
2) =
1
96pi
(
2 +
4m2e
k2
)(
1− 4m
2
e
k2
)1/2
θ(k2 − 4m2e) θ(k0) , (6)
where θ is the Heaviside step function. On the other hand, one has
k2 = (p− p1)2 = (E − E1)2 − (|~p| − |~p1|)2 − 2|~p||~p1|(1− cos θ1) (7)
where θ1 is the angle between the neutrino momenta ~p, ~p1. The minimum value of k
2 (4m2e) corresponds to a maximum
value of (1− cos θ1)
(1− cos θ1)+ = (E − E1)
2 − (|~p| − |~p1|)2 − 4m2e
2|~p||~p1| . (8)
If we parameterize the energy-momentum relation for neutrinos as1
E = |~p| (1 + (|~p|)) (9)
then we have
(E − E1)2 − (|~p| − |~p1|)2 = [(E + |~p|)− (E1 + |~p1|)] [|~p|(|~p|)− |~p1|(|~p1|)] (10)
and one has a negative result for the maximum value of (1 − cos θ1), i.e., pair production is not allowed, in the case
of SR kinematics ((|~p|) = 0). The threshold momentum |~pth| for pair production verifies:
|~pth|2 (|~pth|) = 2m2e (11)
corresponding to the configuration in which the outgoing neutrino is at rest, and the electron and positron have
the same momentum. We shall consider incoming neutrino momenta much greater than this threshold momentum,
|~p|  |~pth|, in such a way that one can safely neglect electron and positron masses. In addition, we shall assume that
the deviation from SR kinematics is sufficiently small (|(|~p|)|  1) so that |~p1|(1 − cos θ1)+  |~p|. In this case, the
change in the direction of the neutrino energy flux due to the emission of the e−e+ pair is very small (“collinear”
approximation).
We shall also restrict all the discussion to neutrino momenta such that
[(E + |~p|)− (E1 + |~p1|)] [|~p|(|~p|)− |~p1|(|~p1|)]M2Z . (12)
In this case we can use the point like approximation for the fermion interaction in the pair production process and
then the momentum dependence in the coefficients Aµν(p, p1), which parametrize all our ignorance on the dynamics,
1 We are neglecting neutrino masses in all the discussion.
4comes from the modified neutrino Dirac trace. Assuming a linear dependence on the components of each momentum
in the amplitude then one has a general form for the angular dependence
Aµν(p, p1)Bµν(p− p1) = G
2
F |~p|4
12pi
[
(1− 2s2W )2 + (2s2W )2
] [
F0(x1) + F1(x1)(1− cos θ1) + F2(x1)(1− cos θ1)2
]
× θ ((1− cos θ1)+ − (1− cos θ1)) θ (1− x1 + (|~p|)− x1(x1|~p|)) ,
(13)
when one uses the momentum fraction x1 = |~p1|/|~p| for the neutrino after pair production, and where GF is the Fermi
constant and sW is the sine of the Weinberg angle. The determination of the coefficients Fn(x1) of the three angular
terms requires a definite dynamical framework. The angular integral on the neutrino momenta can be made2 and the
leading contribution for the decay width is
Γ =
G2F |~p|5
192pi3
[
(1− 2s2W )2 + (2s2W )2
] ∫ 1
0
[
F0(x1)(1− cos θ1)+ + F1(x1)
(1− cos θ1)2+
2
+ F2(x1)
(1− cos θ1)3+
3
]
× θ ((|~p|)− x1(x1|~p|))x1 dx1
(14)
when one consistently retains only the dominant contribution in an expansion in powers of (|~p|).
A. Dynamical matrix element
Lacking a well defined dynamical framework incorporating superluminal neutrinos, we are going to consider four
different simple choices for the dynamical matrix element as a way to illustrate the uncertainties in the evaluation of
the pair production process. Naively, one would take the SR matrix element as a first approximation and one would
expect that any other choice approaching the SR limit would lead to the same leading order result for the decay width
but this is not the case. The reason is that in the SR limit and neglecting masses all four momenta p, p1, p−, p+
are light-like and, due to energy-momentum conservation, proportional to each other so that any scalar product (and
then the dynamical matrix element) vanishes. Then the leading contribution to the dynamical matrix element comes
from the first non-vanishing correction to the SR limit.
1. First example
An apparently natural choice for the dynamical matrix element corresponds to3
Aµν(p, p1) = 16G
2
F
[
(1− 2s2W )2pµ1pν + (2s2W )2pµpν1
]
(15)
which is the expression of the SR dynamical matrix element but with p0 = |~p|(1 + (|~p|)) and p01 = |~p1|(1 + (|~p1|)).
In this case one has
Aµν(p, p1)Bµν(k) =
G2F
12pi
[
(1− 2s2W )2 + (2s2W )2
] [
2(p1 · p)k2 + 4(p1 · k) (p · k)
]
θ(k2) θ(k0) . (16)
Using the products
2(p1 · p) = 2 [|~p||~p1| ((|~p|) + (|~p1|)) + |~p||~p1|(1− cos θ1)]
k2 = 2 [(|~p| − |~p1|) (|~p|(|~p|)− |~p1|(|~p1|))− |~p||~p1|(1− cos θ1)]
2(p1 · k) = 2 [(|~p| − |~p1|)|~p1|(|~p1|+ |~p1| (|~p|(|~p|)− |~p1|(|~p1|)) + |~p||~p1|(1− cos θ1)]
2(p · k) = 2 [(|~p| − |~p1|)|~p|(|~p|+ |~p| (|~p|(|~p|)− |~p1|(|~p1|))− |~p||~p1|(1− cos θ1)] (17)
we get
F0(x1) = 4
[
x1(1− x1)2(|~p|) (x1|~p|) + 2x1(1− x1) ((|~p|) + (x1|~p|)) ((|~p|)− x1(x1|~p|)) + x1 ((|~p|)− x1(x1|~p|))2
]
,
F1(x1) = 4
[−x21 ((|~p|) + (x1|~p|)) + 3x1(1− x1) ((|~p|)− x1(x1|~p|))] ,
F2(x1) = −8x21 . (18)
2 The angular integral in (1 − cos θ1) goes from 0 to (1 − cos θ1)+ , except for those outgoing (very close to zero) momenta for which
2 < (1− cos θ1)+, in which case the angular integral goes from 0 to 2 .
3 We shall neglect masses in all the matrix elements.
5When the angular integral is done one finds
Γ =
G2F |~p|5
192pi3
[
(1− 2s2W )2 + (2s2W )2
] ∫ 1
0
dx1 θ ((|~p|)− x1(x1|~p|))
[
4x1(1− x1)3(|~p|)(x1|~p|) ((|~p|)− x1(x1|~p|))
+ 6x1(1− x1)2 ((|~p|) + (x1|~p|)) ((|~p|)− x1(x1|~p|))2 +
(
4x1(1− x1) + 10
3
(1− x1)3
)
((|~p|)− x1(x1|~p|))3
]
.
(19)
If one is not interested in the angular dependence of the differential decay width, there is a simpler way to get the
result in (19). Going back to (16), one can use the variable k2 instead of the angle θ1 to express the products
2(p1 · p) = p2 + p21 − k2 2(p1 · k) = p2 − p21 − k2 2(p · k) = p2 − p21 + k2 (20)
and
Aµν(p, p1)Bµν(k) =
G2F
12pi
[
(1− 2s2W )2 + (2s2W )2
] [
(p2 − p21)2 + (p2 + p21)k2 − 2(k2)2
]
θ(k2) θ(k0) . (21)
The relation (7) allows replacing the angular integral by an integration over k2, where the upper limit on k2, corre-
sponding to θ1 = 0, is given by
k2+ = 2|~p|2(1− x1) [(|~p|)− x1(x1|~p|)] . (22)
This leads to:
Γ =
G2F
192pi3
[
(1− 2s2W )2 + (2s2W )2
] 1
2|~p|
∫ 1
0
dx1 θ
(
k2+
) [
(p2 − p21)2k2+ +
1
2
(p2 + p21)(k
2
+)
2 − 2
3
(k2+)
3
]
. (23)
Using
p2 = |~p|2(1 + 2(|~p|)) p21 = |~p1|2(1 + 2(|~p1|)) (24)
one recovers the result (19) for the decay width.
The choice (15) for the neutrino dependent factor in the dynamical matrix element cannot always be derived from
a quantum field theoretical calculation. In fact, by considering a generic dispersion relation (arbitrary choice of
(|~p|)) one can have cases where Eq. (16) and the expression of the decay width take negative values indicating an
inconsistency of the ansatz for the dynamical matrix element.
2. Second example
One could consider other alternatives to (15) for the matrix element. A very simple choice corresponds to consider
a modified neutrino spinor satisfying a modified Dirac equation[
γ0E(|~p|)− ~γ · ~p (1 + (|~p|))] u˜(p) = 0 . (25)
This modified Dirac equation implies a modified dispersion relation E(|~p|) = |~p|[1 + (|~p|)]. With this modified
Dirac neutrino spinors the matrix element can be calculated as in SR and the result for Aµν is now
A˜µν(p, p1) = 16G
2
F
[
(1− 2s2W )2p˜µ1 p˜ν + (2s2W )2p˜µp˜ν1
]
(26)
with
p˜0 = |~p|[1 + (|~p|)] ~˜p = ~p[1 + (|~p|)] . (27)
This neutrino factor can be derived from a perturbative field theory calculation by considering the SR vertex for the
interaction and a modified free fermion action leading to the simple modification of the Dirac equation (25).
With the choice (26) for the neutrino factor in the dynamical matrix element one has
A˜µν(p, p1)Bµν(k) = 16G
2
F
[
(1− 2s2W )2 + (2s2W )2
] [
(p˜1 · p˜)k2B1(k2) + (p˜1 · k) (p˜ · k)B2(k2)
]
=
G2F
12pi
[
(1− 2s2W )2 + (2s2W )2
] [
2(p˜1 · p˜)k2 + 4(p˜1 · k) (p˜ · k)
]
θ(k2) θ(k0) .
(28)
6In this case we have the products
2p˜1 · p˜ = 2|~p||~p1|(1− cos θ1)
k2 = 2 [(|~p| − |~p1|) (|~p|(|~p|)− |~p1|(|~p1|))− |~p||~p1|(1− cos θ1)]
2(p˜1 · k) = 2|~p1| (|~p|(|~p|)− |~p1|(|~p1|)) + 2|~p||~p1|(1− cos θ1)
2(p˜ · k) = 2|~p| (|~p|(|~p|)− |~p1|(|~p1|))− 2|~p||~p1|(1− cos θ1) (29)
and
F˜0(x1) = 4x1 ((|~p|)− x1(x1|~p|))2 ,
F˜1(x1) = 8x1(1− x1) ((|~p|)− x1(x1|~p|)) ,
F˜2(x1) = −8x21 . (30)
The decay width after the angular integration takes a different and simpler form than the decay width result of the
first example (19):
Γ˜ =
G2F |~p|5
192pi3
[
(1− 2s2W )2 + (2s2W )2
] 4
3
∫ 1
0
dx1 θ ((|~p|)− x1(x1|~p|)) (1− x31) ((|~p|)− x1(x1|~p|))3 . (31)
Note that the result for the dynamical matrix element and then for the decay width is positive definite independently
of the choice of the modified dispersion relation, so that the potential inconsistencies of the use of (15) for the neutrino
factor are not present in this second example. This is a direct consequence of a field theoretical derivation of the
dynamical matrix element.
3. Third example
One has a third simple choice for the dynamical matrix element with
A¯µν(p, p1) = 16G
2
F
[
(1− 2s2W )2p¯µ1 p¯ν + (2s2W )2p¯µp¯ν1
]
(32)
with p¯0 = |~p| and ~¯p = ~p which is just the SR dynamical matrix element.4 All one has to do is to replace in the first
calculation everywhere p by p¯. Then one has
A¯µν(p, p1)Bµν(k) = 16G
2
F
[
(1− 2s2W )2 + (2s2W )2
] [
(p¯1 · p¯)k2B1(k2) + (p¯1 · k) (p¯ · k)B2(k2)
]
=
G2F
12pi
[
(1− 2s2W )2 + (2s2W )2
] [
2(p¯1 · p¯)k2 + 4(p¯1 · k) (p¯ · k)
]
θ(k2) θ(k0) .
(33)
Due to the proportionality p˜µ = p¯µ(1 + (|~p|)) it is obvious that the decay width in this third example coincides with
the decay width in the second example up to corrections of order 4.
4. Fourth example
In the particular case of a modified dispersion relation for the neutrino with a momentum independent choice for
, which corresponds to a momentum independent speed, it is possible to consider a modification of the interaction
vertex fixed by gauge invariance from the modified free fermion action. If we consider a Lagrangian
L = ν¯Liγ0D0νL − i
(
1 +
η0
2
)
ν¯L ~γ · ~D νL (34)
where D0, ~D are covariant derivatives, then one has the simplest generalization of the relativistic Lagrangian for
gauge interactions of massless fermions with a constant velocity v = 1+η0/2. In order to derive the dynamical matrix
element all one has to do is to replace the Dirac γ matrices γµ in the neutrino tensor by the modified γ matrices γˆµ
4 Note that in the first choice of the dynamical matrix element one takes into account the modified expression for the energy at the level
of the matrix element.
7where γˆ0 = γ0 and ~ˆγ = (1 + η0/2)~γ. This replacement incorporates the modification in the Dirac equation for the
modified Dirac spinors and the modification in the gauge interaction. Using
{γˆµ, γˆν} = 2ηˆµν (35)
where ηˆµν is the modified Minkowski metric ηˆ00 = η00 = 1, ηˆii = (1 + η0)η
ii = −(1 + η0) one can show that
Tr [γˆµ1 γˆµ2 γˆµ3 γˆµ4 ] = 4 (ηˆµ1µ2 ηˆµ3µ4 − ηˆµ1µ3 ηˆµ2µ4 + ηˆµ1µ4 ηˆµ2µ3) . (36)
The coefficient of Bµν(k) in the dynamical matrix element can be read in this case from
p1ρpσ
[
ηˆραηˆσβ − ηˆρσ ηˆαβ + ηˆρβ ηˆσα] (δµαδνβ − ηαβηµν + δναδµβ) (37)
which is the symmetrized coefficient of p2µp3ν in the product of the two traces. By contracting indices one finds
2pˆµpˆν1 + 2pˆ
µ
1 pˆ
ν + (4 + 3η0) (pˆ1 · p)ηµν − 2(pˆ1 · pˆ)ηµν − 2(pˆ1 · p)ηˆµν , (38)
to be compared with the SR coefficient
p1ρpσ
[
ηραησβ − ηρσηαβ + ηρβησα] (δµαδνβ − ηαβηµν + δναδµβ) = 2pµpν1 + 2pµ1pν . (39)
Then the dynamical matrix element will be
Aˆµν(p, p1)Bµν(k) =
G2F
12pi
[
(1− 2s2W )2 + (2s2W )2
] [−4(pˆ1 · pˆ)k2 + 4(pˆ1 · k)(pˆ · k)
+ 2 (4 + 3η0) (pˆ1 · p)k2 − 2(pˆ1 · p)(kˆ · k)
]
θ(k2) θ(k0) ,
(40)
with
pˆ = (|~p|(1 + η0/2), ~p(1 + η0)) p = (|~p|(1 + η0/2), ~p)
pˆ1 = (|~p1|(1 + η0/2), ~p1(1 + η0)) p1 = (|~p1|(1 + η0/2), ~p1)
kˆ = ((|~p| − |~p1|)(1 + η0/2), (~p− ~p1)(1 + η0)) k = ((|~p| − |~p1|)(1 + η0/2), (~p− ~p1)) . (41)
At first order in an expansion in powers of the corrections to SR one has
2(pˆ1 · pˆ) = 2|~p||~p1|(1− cos θ1)− 2|~p||~p1|η0
k2 = −2|~p||~p1|(1− cos θ1) + (|~p| − |~p1|)2η0
2(pˆ1 · k) = 2|~p||~p1|(1− cos θ1)
2(pˆ · k) = −2|~p||~p1|(1− cos θ1)
2(pˆ1 · p) = 2|~p||~p1|(1− cos θ1)
(kˆ · k) = −2|~p||~p1|(1− cos θ1) (42)
and then
Fˆ0(x1) = 4x1(1− x1)2η20 ,
Fˆ1(x1) =
[
4x1(1− x1)2 − 8x21
]
η0 ,
Fˆ2(x1) = −8x21 . (43)
After integration on the angle θ1, we get
Γˆ =
G2F |~p|5
192pi3
[
(1− 2s2W )2 + (2s2W )2
]
η30
∫ 1
0
dx1
[
x1(1− x1)4 + 1
6
(1− x1)6
]
, (44)
which is a third candidate for the pair production decay width, this one limited to the case of a superluminal neutrino
with a momentum independent speed v = 1 + η0/2.
8III. CHOICES OF DYNAMICAL MATRIX ELEMENT AND MODIFIED DISPERSION RELATION
FROM A FIELD THEORETICAL PERSPECTIVE
From a field theoretical perspective one should start by considering a generalization of the Lagrangian of the SM
containing the neutrino field. From the free part (quadratic in the neutrino field) one could read the generalization of
the Dirac equation and the corresponding modified dispersion relation (i.e. the function (|~p|)). By also considering
the interaction term (product of two neutrino fields and the Z-boson field) one could derive the expression for the
dynamical matrix element (〈|M|2〉).
Since one is considering a generalization of a relativistic gauge theory the most natural way to implement a mod-
ified dispersion relation in an extended Lagrangian is to add a new term in the free fermion action that fixes the
modification in the dispersion relation and to consider the same dynamical gauge principle (replacing partial by co-
variant derivatives) that fixes the gauge interaction in the relativistic limit. The fourth example for the dynamical
matrix element considered in the previous section is just the simplest choice along these lines with just one spatial
derivative in the free part. One could consider generalizations with higher spatial derivative terms that would lead
to new interaction terms and new contributions to the dynamical matrix element. A generalization along these lines
is restricted to the effective field theory framework (derivative expansion) so that the choice of a modified dispersion
relation is very limited and the study of implications of (or constraints on) such a generalization is easier than in
other cases. To be precise, the gauge invariance that has been implemented in the Lorentz violating generalization of
the SM Lagrangian in Eq. (34) is a U(1) symmetry instead of the complete SUL(2)× UY (1) gauge invariance of the
Lorentz invariant contribution. Should we had considered an SUL(2)× UY (1) gauge invariant extended Lagrangian,
Lorentz violations on different particles would be strongly restricted. In particular since the neutrino field and the
left-handed charged lepton field are in a gauge doublet then Lorentz violations in the neutrino sector automatically
would have an analogue in the charged lepton sector. The absence of observations of such Lorentz violating effects
for electrons implies strong restrictions on posible effects due to Lorentz violations in neutrino physics including the
possible energy loss of superluminal neutrinos that we are discussing in detail in this work.
An alternative way to implement a modified dispersion relation is to consider an extension of the relativistic La-
grangian independent of the gauge fields constructed from gauge invariant products of matter fields.5 This possibility
is restricted by the matter field content of the theory. In the case of the SM Lagrangian the fact that the (conjugate
of the) doublet scalar field Φ˜ and the left-handed doublet lepton field L
Φ˜ =
(
φ0∗
φ−
)
L =
(
νL
lL
)
(45)
have the same gauge transformations allow to consider an extended Lagrangian quadratic in the gauge invariant
product of these two field doublets
LLIV (Φ˜†L) = 1
M2
(
L¯Φ˜
)
i~γ · ~∇ (|i~∇|)
(
Φ˜†L
)
. (46)
In the approximation where one neglects the fluctuations in the scalar field this extended Lagrangian reduces to a
quadratic Lagrangian in the neutrino left-handed field. This opens the possibility to consider Lorentz violating effects
in the neutrino sector with no analogue for other particles so that restrictions from the absence of observations of
such effects in other systems do not translate directly into restrictions on possible effects of Lorentz violations in the
neutrino sector. This provides us with an example where neutrino physics is a special window to explore departures
from SR. As far as one does not require a perturbative treatment of the Lorentz violating interactions in the lepton-
scalar sector there is not any restriction on the quadratic extended Lagrangian so that one can consider arbitrary
choices for the modified neutrino dispersion relation (arbitrary choice for (|~p|)) going beyond a derivative expansion
(momentum power expansion). The second example (26) for the matrix element of pair production by superluminal
neutrinos can be seen as a result within this framework.
A third alternative to the generalization of a relativistic gauge theory would correspond to assume that the local
gauge symmetry is a property of the relativistic limit. In this case one could consider an extended Lagrangian with
no restrictions from local gauge invariance. The second example (26) could also be seen as a tree level approximation
within this framework which can not be distinguished from the second alternative unless one goes beyond this ap-
proximation. An argument in favor of the realization of the second example for the dynamical matrix element within
the previous second alternative for a generalized relativistic gauge theory is that it is not clear how the introduction
5 The consistency of this field theoretical framework in the presence of radiative corrections can be questioned [27] and deserves further
study.
9of Lorentz violating terms in a Lagrangian provides a way to escape to the inconsistencies of a gauge non-invariant
relativistic field theory with vector fields.
The first example (15) for the dynamical matrix element can not be derived from a field theory perturbative
calculation. It therefore requires to consider a generalization of the relativistic gauge theory that goes beyond the
field theory framework and then there is no reason to consider restrictions on the choice of modified dispersion relation.
For the second example (26) one can consider a momentum power expansion for the modified dispersion relation
((|~p|) if one assumes the validity of the effective field theory framework for the study of Lorentz violating effects or
a more general momentum dependence if one assumes that one has to go beyond the effective field theory expansion
when one goes beyond the special relativistic limit.
The results for the third example, although can not be derived from a field theory calculation, are equivalent to
those of the second example at leading order in the deviations from SR and then do not require any independent
discussion until one goes beyond the leading order effects.
Finally in the fourth example for the dynamical matrix element there is a definite modified dispersion relation
corresponding to a momentum independent speed (in the massless limit). We could go beyond this case by including
gauge invariant higher derivative terms in the Lagrangian (34).
IV. ENERGY LOSS OF SUPERLUMINAL NEUTRINOS
In this section we evaluate the width for pair production, the rate of energy loss, and the energy of a superluminal
neutrino after propagation over a given distance for different choices for the dynamical matrix element and the
modified dispersion relation. These results are the starting point of an analysis of the observable consequences of
having superluminal neutrinos with the uncertainties due to the lack of knowledge of the details of the possible origin
of the Lorentz invariance violation in neutrino physics.
A. Decay width
We have three candidates (19), (31), (44) for the decay width as a functional of the modified dispersion relation
corresponding to different choices for the dynamical matrix element of the pair production process.
If we consider the simplest choice for the modified dispersion relation (|~p|) = η0/2 (momentum independent speed)
with η0 > 0 (for negative values of η0 the decay width is zero) then the threshold is |~pth| =
√
4m2e/η0 and the decay
widths are:
Γ0 =
G2F |~p|5
192pi3
[
(1− 2s2W )2 + (2s2W )2
]
ξ0
(η0
2
)3
(47)
Γ˜0 =
G2F |~p|5
192pi3
[
(1− 2s2W )2 + (2s2W )2
]
ξ˜0
(η0
2
)3
(48)
Γˆ0 =
G2F |~p|5
192pi3
[
(1− 2s2W )2 + (2s2W )2
]
ξˆ0
(η0
2
)3
(49)
with
ξ0 =
8
7
ξ˜0 =
34
105
ξˆ0 =
16
35
. (50)
The result for the decay width (47) corresponding to the first choice for the dynamical matrix element (SR matrix
element with the replacement of the SR energy by their modified expression in terms of the momentum) reproduces
the result used in Ref. [18] to argue against the consistency of the recent result of OPERA [11] for a superluminal
neutrino velocity. The other two results in Eq. (50) also reproduce the two cases studied in Ref. [22], which in fact can
be seen to correspond to the second and fourth matrix elements of the previous section for a momentum independent
velocity. Our more direct computation will however allow us to consider other dispersion relations beyond the constant
speed case.
We can see from (50) that a change in the choice of the dynamical matrix element produces an additional overall
factor of (17/60) in the decay width if one takes the dynamical matrix element corresponding to a perturbative
field theory calculation with the simplest free action implementing a modified Dirac equation and the SR interaction
(second example of the previous section) or an overall factor of (2/5) when one uses an interaction fixed by the
dynamical gauge invariance principle (fourth example).
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The next choice we consider for the modification in the dispersion relation is (|~p|) = |~p|n/Λn (with n and Λ positive
numbers) which corresponds to a Lorentz violating free term in the Lagrangian with n spatial derivatives when n is
a natural number. The energy scale Λ is the UV scale that fixes the domain of validity of the effective field theory
energy power expansion. In this case, the threshold is given by |~pth|n+2 = 2m2e Λn and the widths are:
Γn =
G2F |~p|5
192pi3
[
(1− 2s2W )2 + (2s2W )2
] ( |~p|
Λ
)3n
ξn (51)
Γ˜n =
G2F |~p|5
192pi3
[
(1− 2s2W )2 + (2s2W )2
] ( |~p|
Λ
)3n
ξ˜n (52)
with
ξn = 2− 12(n+ 6)
(n+ 3)(n+ 4)(n+ 5)
+
12(n+ 1)
(n+ 2)(2n+ 3)(2n+ 5)
− 4(3n+ 2)
(3n+ 4)(3n+ 5)(3n+ 7)
ξ˜n = 1− 12
(n+ 2)(n+ 5)
+
6
(n+ 3)(2n+ 3)
− 4
(3n+ 4)(3n+ 7)
. (53)
The main difference between (51)-(52) and the results (47)-(48) for the simplest choice for the dispersion relation is
the power exponent in the momentum dependence of the decay width. This makes the effect of the production of
pairs in the propagation of neutrinos to increase much faster when the energy increases.
As a third choice for the modification of the dispersion relation at high energies (|~p| > p0), we use (|~p|) = λα/|~p|α
with6 0 < α ≤ 1 and λ an additional energy scale required by dimensional arguments. This corresponds to a nonlocal
free field theory action trying to illustrate a Lorentz violation in the neutrino sector that goes beyond the effective
field theory framework. In this case, the threshold is given by |~pth|2−α = 2m2e/λα and the widths (for |~p|  |~p0|) are:
Γ−α =
G2F |~p|5
192pi3
[
(1− 2s2W )2 + (2s2W )2
] ( λ
|~p|
)3α
ξ−α (54)
Γ˜−α =
G2F |~p|5
192pi3
[
(1− 2s2W )2 + (2s2W )2
] ( λ
|~p|
)3α
ξ˜−α (55)
with
ξ−α = 2− 12(6− α)
(3− α)(4− α)(5− α) +
12(1− α)
(2− α)(3− 2α)(5− 2α) −
4(2− 3α)
(4− 3α)(5− 3α)(7− 3α)
ξ˜−α = 1− 12
(2− α)(5− α) +
6
(3− α)(3− 2α) −
4
(4− 3α)(7− 3α) . (56)
In this case the increase of the decay width of pair production with the energy is slower than in the case of a
momentum independent velocity of propagation. In addition, note that in the expression of the decay rate there are
energy-independent, dimensionless factors (i.e., pure numbers) that depend on the particular form of the dispersion
relation and which can differ by one order of magnitude. For example,
ξ˜2
ξ˜−3/4
' 18.8 . (57)
As a last illustrative example, we shall consider a case in which the dispersion relation is non-analytic and it is
given by (|~p|) = e−Λ/|~p|. In this case, that also goes beyond EFT, the decay width is extremely sensitive to changes
in the momentum. When |~p|  Λ, the dominant contribution to the decay width for the second matrix element is:
Γ˜ =
G2F |~p|5
192pi3
[
(1− 2s2W )2 + (2s2W )2
]
e−3Λ/|~p| ; (58)
While this expression is small in the region in which is valid, it illustrates the possibility of having a remarkably strong
dependence on momentum.
6 If α > 1 then one has subluminal neutrinos and no pair production.
11
B. Rate of energy loss
An approximation to the effect of the production of e+e− pairs on the propagation of neutrinos can be obtained
from the rate of energy loss
d|~p|
dt
= −|~p|
∫ 1
0
dx1(1− x1) dΓ
dx1
. (59)
In the case of (|~p|) = η0/2 we have
d|~p|
dt
= −G
2
F |~p|6
192pi3
[
(1− 2s2W )2 + (2s2W )2
]
ξ′0
(η0
2
)3
(60)
d|~p|
dt
= −G
2
F |~p|6
192pi3
[
(1− 2s2W )2 + (2s2W )2
]
ξ˜′0
(η0
2
)3
(61)
d|~p|
dt
= −G
2
F |~p|6
192pi3
[
(1− 2s2W )2 + (2s2W )2
]
ξˆ′0
(η0
2
)3
(62)
with
ξ′0 =
25
28
ξ˜′0 =
11
42
ξˆ′0 =
5
14
(63)
for the decay width results in (19), (31), and (44), respectively.
If one considers (|~p|) = |~p|n/Λn then one has
d|~p|
dt
= −G
2
F |~p|6
192pi3
[
(1− 2s2W )2 + (2s2W )2
] ( |~p|
Λ
)3n
ξ′n (64)
d|~p|
dt
= −G
2
F |~p|6
192pi3
[
(1− 2s2W )2 + (2s2W )2
] ( |~p|
Λ
)3n
ξ˜′n (65)
with
ξ′n =
13
10
− 12(2n+ 15)
(n+ 3)(n+ 4)(n+ 5)(n+ 6)
+
12(4n+ 3)
(2n+ 3)(2n+ 4)(2n+ 5)(2n+ 6)
− 2(5n+ 4)
(3n+ 4)(3n+ 5)(3n+ 6)
+
10
3(3n+ 7)(3n+ 8)
(66)
ξ˜′n =
3
5
− 24(n+ 4)
(n+ 2)(n+ 3)(n+ 5)(n+ 6)
+
24(2n+ 5)
(2n+ 3)(2n+ 4)(2n+ 6)(2n+ 7)
− 8(3n+ 6)
(3n+ 4)(3n+ 5)(3n+ 7)(3n+ 8)
.
(67)
With the third choice of modified dispersion relation, (|~p|) = λα/|~p|α, the rate of energy loss is given by
d|~p|
dt
= −G
2
F |~p|6
192pi3
[
(1− 2s2W )2 + (2s2W )2
] ( λ
|~p|
)3α
ξ′−α
d|~p|
dt
= −G
2
F |~p|6
192pi3
[
(1− 2s2W )2 + (2s2W )2
] ( λ
|~p|
)3α
ξ˜′−α (68)
with
ξ′−α =
13
10
− 12(15− 2α)
(3− α)(4− α)(5− α)(6− α) +
12(3− 4α)
(3− 2α)(4− 2α)(5− 2α)(6− 2α)
− 2(4− 5α)
(4− 3α)(5− 3α)(6− 3α) +
10
3(7− 3α)(8− 3α)
(69)
ξ˜′−α =
3
5
− 24(4− α)
(2− α)(3− α)(5− α)(6− α) +
24(5− 2α)
(3− 2α)(4− 2α)(6− 2α)(7− 2α)
− 8(6− 3α)
(4− 3α)(5− 3α)(7− 3α)(8− 3α) .
(70)
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C. Final energy after propagation
The previous results of the rate of energy loss can be used to get an estimate of the final energy Ef of a neutrino
of energy Ei after propagating over a distance L.
One has
1
E5f
− 1
E5i
=
1
E50
1
E5f
− 1
E5i
=
1
E˜50
1
E5f
− 1
E5i
=
1
Eˆ50
(71)
with
E˜0 =
[
G2FL
192pi3
[
(1− 2s2W )2 + (2s2W )2
]
5
(η0
2
)3
ξ˜′0
]−1/5
(72)
in the case of a momentum independent velocity ((|~p|) = η0/2). The result for E0 (Eˆ0) is obtained from (72) by the
replacement of ξ˜′0 by ξ
′
0 (ξˆ
′
0).
For a modification of the dispersion relation with (|~p|) = |~p|n/Λn one has
1
E5+3nf
− 1
E5+3ni
=
1
E5+3nn
1
E5+3nf
− 1
E5+3ni
=
1
E˜5+3nn
(73)
with
E˜n =
[
G2FL
192pi3
[
(1− 2s2W )2 + (2s2W )2
]
(5 + 3n)
1
Λ3n
ξ˜′n
]−1/(5+3n)
(74)
and a similar result for En replacing ξ˜′n by ξ
′
n.
Finally, in the case (|~p|) = λα/|~p|α one has
1
E5−3αf
− 1
E5−3αi
=
1
E5−3α−α
1
E5−3αf
− 1
E5−3αi
=
1
E˜5−3α−α
(75)
with
E˜−α =
[
G2FL
192pi3
[
(1− 2s2W )2 + (2s2W )2
]
(5− 3α)λ3α ξ˜′−α
]−1/(5−3α)
(76)
and E−α with a factor ξ′−α instead of ξ˜′−α.
D. Some numerical estimates
We can take the inverse of the decay width of pair production as an estimate of the distance that neutrinos should
propagate to have an appreciable loss of energy. From (48) we have
Γ˜−10 =
4.3 × 10−4
η30
(
GeV
|~p|
)5
km (77)
and similar results for Γ−10 (Γˆ
−1
0 ) with an additional factor 17/60 (17/24) in the inverse of the decay width. In the
case of a Lorentz violating free term with n spatial derivatives one has
Γ˜−1n =
1.7 × 10(57n−5)
ξ˜n
(
Λ
1019 GeV
)3n (
GeV
|~p|
)(5+3n)
km (78)
and in the case of a Lorentz violating correction which decreases at large momenta (55),
Γ˜−1−α =
1.7 × 10(27α−5)
ξ˜−α
(
eV
λ
)3α (
GeV
|~p|
)(5−3α)
km . (79)
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FIG. 1. Value of the terminal energy En (approximate final energy of a neutrino with initial energy higher than En) for the cases
n = 1 (left) and n = 2 (right) as a function of the high-energy scale Λ written in terms of the Planck energy EP . The curves
show the differences with respect to the matrix element used in the calculation and with different distances of propagation,
typical of galactic or extragalactic neutrinos.
These expressions give us an idea of the sensitivity to an energy-loss due to pair production in the propagation of
neutrinos from observations of solar, reactor, accelerator or atmospheric neutrinos.
The results for the energy scales (72), (74) and (76),
E˜0 =
1.6 × 10−1
η
3/5
0
(
km
L
)1/5
GeV (80)
E˜n =
(
1.7 × 10(57n−5)
(5 + 3n)ξ˜′n
)1/(5+3n) (
Λ
1019 GeV
)3n/(5+3n) (
km
L
)1/(5+3n)
GeV (81)
E˜−α =
(
1.7 × 10(27α−5)
(5− 3α)ξ˜′−α
)1/(5−3α) (
eV
λ
)3α/(5−3α) (
km
L
)1/(5−3α)
GeV (82)
which allow us to determine the final energy after a propagation over a distance L, give us also another estimate of
the possible constraints that one can get on (or hints of) Lorentz violating corrections to neutrino physics from the
observed high energy neutrino spectrum.
The results in (80)-(82) correspond to our second example (31) for the dynamical matrix element. For the other
examples of matrix elements one has
E0 = E˜0
(
ξ˜′0
ξ′0
)1/5
Eˆ0 = E˜0
(
ξ˜′0
ξˆ′0
)1/5
En = E˜n
(
ξ˜′n
ξ′n
)1/(5+3n)
E−α = E˜−α
(
ξ˜′−α
ξ′−α
)1/(5−3α)
.
(83)
For galactic and extragalactic neutrinos, it is convenient to change units and rewrite, e.g., Eq. (77) as
Γ˜−10 =
1.4 × 10−32
η30
(
TeV
|~p|
)5
pc (84)
and
Γ˜−10 =
1.4 × 10−68
η30
(
109 GeV
|~p|
)5
Mpc . (85)
As an illustrative example, Fig. 1 gives the value of E˜n for the two most studied cases in the literature of quantum
gravity phenomenology, n = 1 and n = 2, in the case of galactic (propagation distance of the order of pc) and
extragalactic (propagation distance of the order of Mpc) neutrinos. We also show in that figure the differences in the
use of the first or second matrix elements in the calculation.
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V. TIMES OF FLIGHT OF SUPERLUMINAL NEUTRINOS
A modification of the neutrino dispersion relation produces an energy loss in the propagation of neutrinos related
with the time of flight. Then one can try to look for neutrino observations where one can simultaneously determine
the energy loss and time of flight in order to test the consistency of the observations with a given modification of
the dispersion relation. The determination of the energy loss is limited by the uncertainties of our knowledge of the
sources of very high energy neutrinos. As for the time of flight determination one has together with the uncertainties
in the knowledge of the time of emission also the uncertainties due to the limited precision of time measurements.
In the case of a momentum independent superluminal velocity it is straightforward to calculate the time of flight
of a neutrino propagating over a distance L
∆t0 = 3.3× 103
(
L
km
) (
1− η0
2
)
ns (86)
or
∆t0 = 1.3× 1014
(
L
Mpc
) (
1− η0
2
)
s . (87)
A deviation, with respect to the SR expectation, in the time of flight of neutrinos of the order of 10 ns in the
propagation over a distance of the order of 103 km would correspond to η0 ∼ 10−5. From (77) one can see that an
inverse decay length of 103 km for such a value of η0 corresponds to a neutrino with |~p| ∼ 40 GeV. This provides us
with a quantitative comparison of the sensitivity of neutrino times of flight and spectrum observations to a departure
from SR kinematics with a momentum independent speed for the neutrinos. Times of flight of extragalactic neutrinos
are much more sensitive to deviations from SR with a deviation of the order of a few s for a neutrino propagating over
a Mpc corresponding to much smaller values of η0 (η0 ∼ 10−13). An inverse decay width of a Mpc with this value of
η0 corresponds to a neutrino with |~p| ∼ TeV. An extragalactic neutrino flux extending above these energies excludes
then such a deviation from SR.
In the case of more general modifications of the dispersion relation the time of flight of neutrinos will be affected by
the energy loss due to the production of e+e− pairs. The momentum and then the velocity of the neutrino is changing
in the propagation according to (65) or (68). It is very easy to calculate in these two cases the neutrino time of flight
over a distance L. In the case of (|~p|) = |~p|n/Λn one has
∆tn = L− L (n+ 1)
(
Ef
Λ
)n
τn (88)
with
τn =
(5 + 3n)
(5 + 2n)
(
En
Ef
)(5+3n) 1− [1− (Ef
En
)(5+3n)](5+2n)/(5+3n) . (89)
In the case of (|~p|) = λα/|~p|α one has
∆t−α = L− L (1− α)
(
λ
Ef
)α
τ−α (90)
with
τ−α =
(5− 3α)
(5− 2α)
(
E−α
Ef
)(5−3α) 1− [1− ( Ef
E−α
)(5−3α)](5−2α)/(5−3α) . (91)
In the case of E5f · L  192pi3/G2F one has Ef  En (Ef  E−α) and τn ≈ 1 (τ−α ≈ 1), i.e., the time of flight
corresponding to a uniform motion with a momentum dependent speed.
VI. CONSISTENCY OF THE SUPERLUMINAL INTERPRETATION OF OPERA OBSERVATIONS
Recently there has been a claim of an observation of neutrinos propagating with superluminal velocities in the
CNGS beam from CERN to Gran Sasso [11] (OPERA experiment). It is then natural to try to accommodate these
observations within the present discussion of the effect of Lorentz violations on the propagation of neutrinos.
15
Almost all the theoretical discussions related to OPERA consider a dispersion relation with (|~p|) = η0/2. This
is due to the absence of a change in the measured times of flight in all the range of energies detected going from
10 GeV up to 100 GeV. These results, if confirmed with more statistics, put strong constraints on any momentum
dependence of the velocity of propagation of neutrinos at least in the range of energies covered by the OPERA time
of flight measurements. But in fact the OPERA value for η0 = 4.7 × 10−5 [11] is in obvious conflict7 with time of
flight limits from SN1987A [28–31] as one can see from Eq. (87). This conflict requires to consider a deviation from
a momentum independent choice for  at energies below those explored by OPERA including the range of energies
of SN neutrinos (few MeV). There is also a conflict of this large value of η0 with high energy neutrino observations
owing to its implications on the propagation of high energy atmospheric neutrinos. This requires a strong suppression
of the production of e+e− pairs at energies well above those explored by OPERA with an appropriate choice of the
momentum dependence of . This is also needed to avoid incompatibilities with neutrino production owing to the
kinematic corrections in the pion decay induced by such large value of η0 [32–34].
The simplest way to try to escape to these contradictions is to use a modified dispersion relation combining a
function (|~p|) which increases when going from SN momenta to OPERA momenta, stays almost constant over the
energy range of OPERA observations to be consistent with the very mild momentum dependence of the time of flight
of neutrinos and then decreases if we go beyond OPERA momenta in order to escape to incompatibilities with the
observed high energy neutrino spectra. However, there is still another conflict owing to the effect of the production
of e+e− pairs in the propagation of neutrinos from CERN to Gran Sasso. According to the previous section, one can
see that, for the value of η0 required to reproduce OPERA results on time of flights, there is a very drastic correction
on the neutrino energies in conflict with observations.
For a momentum independent velocity of propagation in the OPERA energy range, taking Eq. (80) with η0 =
4.7 × 10−5 and L = 731 km as the distance traveled by neutrinos in the experiment, we get E˜0 = 17.0 GeV in the
case of the second matrix element. In the case of the first matrix element, which is the one considered by Cohen and
Glashow in Ref. [18], we obtain E0 = 13.3 GeV (in fact they get a slightly different result, E0 = 12.7 GeV, because they
use η0 = 5.0× 10−5, a value which was updated by the OPERA collaboration in November 2011 to η0 = 4.7× 10−5,
which is the one used in our calculation). For the third matrix element, Eˆ0 = 16.0 GeV. This means that together
with the rather adhoc choice of the Lorentz violating corrections in the free Lagrangian which would produce the
peculiar behavior of the (|~p|) function as described in the previous paragraph, one has to assume a suppression in
the dynamical matrix element relevant for the calculation of the energy loss of neutrinos propagating from CERN to
Gran Sasso. From Eq. (72), we get
E0 = 0.123
(
L
km
)−1/5
η
−3/5
0 ξ
′
0
−1/5
GeV . (92)
Let us consider this relation for a generic matrix element. Since OPERA observes the arrival of neutrinos of energies
higher than, let us take, E0 ≥ 60 GeV, Eq. (92) gives an upper bound for ξ′0:
ξ′0 ≤ 4.8× 10−4. (93)
This means that in order to make the OPERA time-of-flight measurement compatible with the non-observation of pair
production, one needs a suppression in the dynamical matrix element so that ξ′ ∼ O(10−4) instead of the O(10−1)
values of Eq. (63) obtained in the three simple examples considered in this work.
One could wonder whether relaxing the OPERA observation of a constant velocity in the 10-100 GeV energy range
could make the strong constraints from neutrino decay compatible with the value η0 = 4.7 × 10−5 measured at an
energy of E = 17 GeV (mean energy in the OPERA experiment).8 Studying the terminal energy E˜n or E˜−α (which
is always an upper bound of the average final energy Ef ) from Eqs. (81), (82), one sees that its maximum value is
E˜n = 20.1 GeV. This is however not enough to explain the arrival of much higher energetic neutrinos, so that one
would still need to consider a matrix element with much stronger suppression than those considered in this work.
Similarly, analyzing the decay length ` in units of the distance L between CERN and Gran Sasso, we get from Eqs. (78)
and (79)
`
L
≡ Γ˜
−1
n
L
= r
(1 + n)3
ξn
(
17 GeV
E
)3n
, when (|~p|) =
( |~p|
Λ
)n
(94)
7 Assuming electron antineutrinos propagate with the same speed as the muon neutrinos detected by OPERA.
8 Hereafter in this section we will consider the second example of matrix element which is the most favorable for the superluminal
interpretation of the OPERA results.
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FIG. 2. Value of the terminal energy E0 (approximate final energy of a neutrino with initial energy higher than E0) for different
distances of propagation, as a function of the degree of superluminality in the neutrino speed.
and
`
L
≡ Γ˜
−1
−α
L
= r
(1− α)3
ξ−α
(
17 GeV
E
)−3α
, when (|~p|) =
(
λ
|~p|
)α
(95)
where
r ≡ 1.7× 10
−5
[v(17 GeV)− 1]3
(
GeV
E
)5(
km
L
)
(96)
and v(17 GeV)− 1 = 2.35× 10−5 is the velocity at 17 GeV required for the superluminal interpretation of the results
reported by the OPERA collaboration. Eqs. (94) and (95) tell us that the decay length is much shorter than L when
the energy is significantly larger than 20 GeV. This fact can be seen from the dimensionless factor r which is very
small for these energies. For example, for E = 50 GeV, that is roughly a half of the maximum energy detected by
OPERA, r = 5.7 × 10−3 and the maximum value (with respect to n and α) of the decay length at this energy is
l = 2.8× 10−2 · L, much shorter than the distance between CERN and Gran Sasso.
The present analysis gives us an idea of the difficulties one finds to accommodate in a theoretical framework the
results announced recently by the OPERA collaboration. In fact, the absence of energy loss in neutrino propagation
is a more sensitive way to detect superluminal speeds. Taking our result for the second matrix element in the case
of a momentum independent speed of propagation, the observation of the arrival of neutrinos of energies higher than
60 GeV after a propagation of L = 730 km, gives a bound on the possible value of η0 through Eq. (92),
η0 ≤ 5.8× 10−6, (97)
which, according to Eq. (86), corresponds to a difference in the time arrival of neutrinos with respect to luminal
speeds of ∆t0 ≤ 7.0 ns. This means that the non-observation of pair production in OPERA is incompatible (under
the assumptions we are considering) with its time-of-flight measurement of ∼ 60 ns, and that this non-observation is
sensitive to tiny time differences, beyond the present precision of OPERA time measurements.
This conclusion is of interest for any experiment trying to repeat the OPERA measurements. Superluminal speeds
can be better detected through a deformation in the spectrum (of course, a direct measurement of the time-of-flight is
also advisable, since it does not contain any assumption on the pair production process). In order to appreciate this
deformation, we need to send neutrinos with energies higher than E0, which depends on the distance of propagation
and the degree of superluminality through Eq. (92) (we consider the case of a momentum independent speed as an
illustrative case). Therefore, an hypothetical experiment should consider both the neutrino energies of the beam and
the distance of propagation in the sensitivity to the degree of superluminality. This sensitivity is shown in Fig. 2 in
terms of (v − 1), the difference between neutrino and photon speeds, using our calculations with the second matrix
element (the better motivated theoretically). Fig. 2 shows that, in order to be sensitive to (v−1) of the order of 10−6,
we should use neutrino beams of energies higher than 110 GeV if L ' 730 km,9 while it would suffice to use neutrino
9 In 2007 the MINOS collaboration reported a superluminal propagation speed v − 1 = (5.1 ± 2.9) × 10−5 (at 68% C.L.) for a (mostly
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beams of energies higher than 70 GeV if L ' 7000 km (the distance between CERN and the Soudan underground
mine in USA).
VII. CONCLUDING REMARKS
In this work we have investigated the dependence of the charged lepton pair emission by superluminal neutrinos
νi → νi e− e+ on the dispersion relation for neutrinos, and on the dynamical matrix element of the process. General
expressions for an arbitrary dispersion relation and for various examples of matrix elements have been obtained. On
the one hand, for a given dispersion relation, different choices of the matrix element lead to decay rates which differ
by factors of order one. On the other hand, for a given matrix element, different choices of the dispersion relation
lead to energy-independent, dimensionless factors (i.e., pure numbers) in the decay rates which can differ by one order
of magnitude. These are the main new results of the present investigation. Estimates of the sensitivity of different
observations of high energy neutrinos to a possible departure from SR kinematics in the neutrino sector have been
presented. The dependence of the results on details of the theory (choice of modified dispersion relation and modified
matrix element) is an indication that high energy neutrino physics can be a very good laboratory to explore possible
deviations from SR.
Concerning the generality of the analysis, the assumptions on which it is based were already pointed out in the
introduction: i) Rotational symmetry is preserved. Nevertheless, some works have built theories or models in which
rotational invariance is not exact (see, for instance, Ref. [36]). ii) Energy and momentum are conserved in the conven-
tional, additive way. However, during the last decade, there have been investigations which suggest the possibility of
modifying these laws. Most of these explorations come from the quantum space-time realm and they deal with either
deformations (see Ref. [37] for a review) or violations ([38]) of space-time symmetries. iii) The relevant propagation
speed of superluminal particles is the group velocity of their wave packets. Once more, several works have studied
other alternatives both in canonical and in non-canonical space-times ([39–41]).
While experimental results cannot be confirmed or refuted by theoretical investigations but by new experiments,
what this present work shows is that the most likely possibility with respect to the observation reported by the OPERA
collaboration is that either the observation of superluminal neutrinos is not confirmed or some of the assumptions
indicated in the present work are not valid. In particular, in Doubly Special Relativity scenarios ([37]), where the
energy-momentum conservation law is modified, forbidden processes in SR are generically forbidden too, as it was
firstly pointed out in connection with the OPERA results in Refs. [19, 42].
Some works have studied the pair production decay width before us. In Refs. [18, 43], the decay width is computed
for the case of constant velocity without specifying, however, what matrix element or relevant Lagrangian (if any) has
been used to obtain the result. We reproduce that result for the first example of matrix element which does not come
from a SU(2) gauge invariant underlying field theory. The pair production decay width is also computed in Ref. [22]
for the momentum independent velocity case with two choices for a four-fermion interaction Lagrangian which are in
fact equivalent to our second and fourth matrix elements.
Despite the fact that we have concentrated on the pair production reaction, some of the techniques developed in the
present work, and in particular the collinear approximation, can be extended to other processes like neutrino splitting
νi → νi νj ν¯j . In the case of a momentum dependent speed for neutrinos, splitting is a relevant mechanism for energy
loss in the propagation of superluminal neutrinos. Other processes contributing to the energy loss of a propagating
superluminal neutrino, such as the production of heavier charged leptons and the contribution of virtual W± can also
be treated within the same approximation. The results for these processes, as well as an analysis of the uncertainties
in the calculation of the production of very high energy superluminal neutrinos with a general dispersion relation will
be presented elsewhere [44].
NOTE ADDED
While this manuscript was being completed, the OPERA collaboration announced the identification of two sources
of error in the determination of the time of flight of neutrinos from CERN to Gran Sasso. One of them was a faulty
connection in the optical fiber cable that brings the external GPS signal to the experiment master clock. That this
was most probably the origin of the apparent neutrino superluminality was later confirmed (after this paper had been
submitted for publication) by the results of muon measurements presented by LVD [45], which show that the timing
muon) neutrino beam with an average energy of 3 GeV propagating 735 km between Fermilab and the Soudan mine [35]. It is expected
that the MINOS team will report new results at higher precision in the near future. The OPERA, ICARUS, BOREXINO and LVD
experiments at the Gran Sasso underground laboratory will also provide a more precise measurement of the neutrino speed.
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between LVD and OPERA became misaligned from the middle of 2008, around the time that OPERA-1 began,
and remained stably misaligned by about 73 nanoseconds until the end of 2011, which is when the fiber problem
was identified and eliminated. Almost at the same time, the ICARUS collaboration presented new results from the
October-November 2011 campaign of measurements, which allowed a very accurate time-of-flight measurement of
neutrinos from CERN to LNGS on an event-to-event basis, collecting seven neutrino events which are compatible
with luminal speed [46]. Although new measurements are planned during 2012, the new information indicates that
most probably the superluminal signal will go away, in agreement with the conclusions of the analysis presented in
Section 6.
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